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1. $\ulcorner*$
K. Borsuk [1] , Borsuk-Ulam Borsuk
. (Ulam Ulam
.) .
Ll (Rorsuk-Ulam ). 2 $C_{2}$ $S^{n},$ $S^{m}$




, [8], [9], [4] .
A. G. Wasserman[10] $C_{2}$ $f$ : $S^{n}arrow S^{m}$ isovariant
, Borsuk-Ulam Borsuk-Ulam
isovariant . $G$ $G$-isovariant $f$ : $Xarrow Y$ ,
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1.2(Isovariant Borsuk-Ulam ). $G$ .
$G$-isovariant $f$ : $Varrow W$ ,
$\dim$V-dim $V^{G}\leq\dim$W-dim $W^{G}$
.
$hova\uparrow\dot{\eta}ant$ Borsuk- Ulam ( $\mathrm{I}\mathrm{B}$ )
. , B
.
, [6] , Isovariant Borsuk-Ulam ,
, ,
. $G$ , $V,$ $W$ $G$ . $f$ : $Varrow W$
$G$-isovariant . , Iso $V\subset \mathrm{I}\mathrm{s}\mathrm{o}$ $W$ . ,
$H,$ $K(H\triangleleft K)$ , $f^{H}$ : $V^{H}arrow W^{H}$ $K/H$-isovariant
( 2.1 ) , 1.2 ,
.
$(C_{V,W})$ : $\dim V^{H}-\dim V^{K}\leq\dim W^{H}-\dim W^{K}(\forall H\triangleleft\forall K)$ .
Isovariant Borsuk-Ulam .
. $G$ . $V,$ $W$ $(Cv,w)$ Iso $V\subset \mathrm{I}\mathrm{s}\mathrm{o}$ $W$
, $G$-isovariant $f$ : $Varrow W$ ?
. .
, [6] , $p$
$p^{n}q^{m}$ Cpnq . , $p,$ $q$ .
.






2.1. (1) $G$-isovariant $f$ : $Xarrow Y$ $H$
${\rm Res}_{H}f$ $H$-isovariant .
(2) $H$ . $G$-isovariant $f$ : $Xarrow Y$ $H$
$f^{H}$ : $X^{H}arrow Y^{H}$ $G/H$-isovariant .
(3) $H$ , $g$ : $X^{H}arrow Y^{H}$ $G/H$-isovariant . $Garrow$
$G/H$ $X^{H},$ $Y^{H}$ $G$ , $g$ $G$-isovariant .
(4) $f$ : $X_{1}arrow Y_{1}$ $g$ : $X_{2}arrow Y_{2}$ $G$-isovariant , $f\cross g$ : $X_{1}\mathrm{x}X_{2}arrow$
$Y_{1}\cross Y_{2},$ $f$ *g: $X_{1}*X_{2}arrow Y_{1}*Y_{2}$ $G$-isovariant . ( $*$ $\#\backslash$ .)
$G$ $V$ , $Vc$ $V^{G}$ , , $V=$
$\ovalbox{\tt\small REJECT}\oplus V^{G}$ . $S$ (V) $V$
2.2([6]). $V,$ $W$ $G$ . .
(1) $G$-isovariant $f$ : $Varrow W$ .
(2) $G$-isovariant $f$ : $Vcarrow \mathcal{W}_{G}$ .
(3) $G$-isovariant $f$ : $S(V)arrow S$ (W) .
(4) $G$-isovariant $f$ : $S(V_{G})arrow S$ (WG) .
$G$ . . $V$ $G$
, $V\cong V_{1}\oplus V_{2}\oplus\cdots\oplus V_{r}$ . $G$ , $V_{i}$
( ) 1 2 . $H$ , $V(H)=\oplus_{i:\mathrm{K}\mathrm{e}\mathrm{r}V_{*}=H}.V_{i}$
. $\mathrm{K}\mathrm{e}\mathrm{r}$ V4 $\rho_{V}\dot{.}$ : $Garrow O(n)$ ($n=1$ or 2) .
. . .
2.3. $V$ $G$ . $K=\mathrm{K}\mathrm{e}\mathrm{r}V$ .
(1) $G/K$ .
(2) $V^{K}$ (=V) $G/K$ . $U$ $G/K$
, $Garrow G/K$ $U$ $K$ $G$
. , $K$ $G$ $G/K$ 1
1 .
$n$ $C_{n}$ . $C_{n}$ $g$
. $t_{i}(=\mathbb{C})$ $g$ $gz=\xi^{i}z(z\in \mathbb{C})$
. $\xi=\exp(2\pi\sqrt{-1}/n)$ . $t_{i}(0\leq i\leq n-1)$ $C_{n}$
( ) . $\mathbb{R}$ ,
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. ( , .) $T_{i}$
. $1\leq i\leq[(n-1)/2]$ , $T_{i}$
. $T_{i}\cong T_{n-i}$ . $T_{0},$ $T_{n/2}$ ( $n$ )
. $.T_{0}\cong 2\mathbb{R}:=\mathbb{R}\oplus \mathbb{R},$ $T_{n/2}\cong 2\mathbb{R}^{-}:=\mathbb{R}^{-}\oplus \mathbb{R}^{-}$
, $\mathbb{R}$ 1 , $\mathbb{R}^{-}$ 1
(i.e., $g$ $\mathbb{R}^{-}$ $gx=-x$ ). , $\mathrm{K}\mathrm{e}\mathrm{r}T_{i}\cong C_{(i,n)}$
. $T_{i}$ $i$ $n$
.
isovariant , .
2.4([6]). $V$ $W$ $G$ . G-isovariant
$f$ : $Varrow W$ ,
$G$ , $D$ $G/H$ $H$ .
2.3(1) $V=\oplus_{H\in D}V$(H) . ( $V(H)=0$
. )
$G$ . .
$(C_{V,W}’)$ : $H\triangleleft K$ $K/H$ ,
$\mathrm{m}$
$V^{H}$ $-\mathrm{d}\mathrm{i}\mathrm{n}\mathrm{l}W^{H}\leq\dim W^{H}-\dim W$ H
.
2.5. $G$ . $(C_{V,W})$ $(C_{V,W}’)$ . , $G$
$(C_{V,W})$ , $H<K$
$\dim V^{H}-\dim V^{K}\leq\dim 4H-$ dim $W^{K}$
.
. $(C_{V,W})$ $(C_{V,W}’)$ . $H\triangleleft K$
, $K/H$ , $H_{i},$ $i=0,$ $\ldots,$ $r$ ,
$H=H_{0}\triangleleft H1\triangleleft$ . . . $\triangleleft H_{r}=K$
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$H_{i}/H_{i-1}$ . $(C_{V,W}’)$ ,
$\dim V^{H}-\mathrm{d}\mathrm{i}\mathrm{n}\mathrm{n}V"=\sum_{i=1}^{T}$ (dim $V^{H_{\mathrm{i}-1}}-$ dim $V^{H_{i}}$ )
$\leq\sum_{i=1}^{r}(\dim W^{H_{i-1}}-\dim W^{H}\dot{.})$
$\leq$ dim $W^{H}-\dim W^{K}$ .
( $C_{V}’$,W) $(C_{V,W})$ .
$G$ , $H$ $N_{G}(H)>H$ .
$H_{i}$ , $i=1,$ $\ldots,$ $r$ ,
$H=H_{0}\triangleleft H_{1}\triangleleft\cdots\triangleleft H_{r}=K$ .
. ,
$\mathrm{m}$ $V^{H}-\dim V^{K}$ $\mathrm{m}$ $W^{H}-\dim W^{K}$
.
2.6. $G$ . $G$ $V,$ $W$ $(C_{V,W})$ Iso $V\subset$
Iso $W$ .
. .
$\bullet$ $G$ $U$ , $H\in \mathrm{I}\mathrm{s}\mathrm{o}$ $U$ , $H<K$
$K$ , $\dim U^{H}>\dim U$K .
$H<K$ . $H_{i},$ $i=0,$ $\ldots,$ $r$ , ,
$H=H_{0}\triangleleft H_{1}\triangleleft\cdots\triangleleft H_{r}=K$
2.5
$\dim V^{H}-$ dim $V^{K}\leq$ dim $W^{H}-$ dim $W^{K}$
. $H\in \mathrm{I}\mathrm{s}\mathrm{o}$ $V$ $\dim V^{H}-\dim V^{K}>0$ , $\dim W^{H}-$
$\dim W^{K}>0$ . $H\in \mathrm{I}\mathrm{s}\mathrm{o}W$ .
$G$ , , ,




. $G$ . $|$] . $(X, A)$ $G$-CW , $G$ $X\backslash A$
. $X_{n}$ $(X, A)$ $n$- $C_{*}(X, A)$
$(=H_{*} (X_{*}, X_{*-1} ; \mathbb{Z}))$ , $C_{*}(X, A)$ $G$
. , $G_{0}$ $C_{*}$ $(X, A)$ $\mathbb{Z}(G/G_{0})$
. $\mathbb{Z}(G/G_{0})$ $\pi$ $C_{G}^{*}(X, A;\pi)$
$C_{G}^{*}(X_{1}A;\pi)=\mathrm{H}\mathrm{o}\mathrm{m}_{\mathbb{Z}(G/G_{0})}(C_{*}(X, A),$ $\pi)$
. $\mathfrak{H}_{G}^{*}$ (X, $A;\pi$ ) [3, p.112]
$\mathfrak{H}_{G}^{*}(X, A;\pi)\cong H^{*}(X/G, A/G;\pi)$
. ( $H^{*}(X/G,$ $A$/G; $\pi)$ . )
$Y$ $n$ , $n\geq 1,$ $G$ . $\pi_{n}(Y)$ (=[Sn, $Y]$ )
$\mathbb{Z}(G/G_{0})$ . .
3.1.
(1) $G$ $f$. : $Aarrow Y$ $G$ $F$ : $Xarrow Y$
$\gamma_{G}(f)\in \mathfrak{H}_{G}^{*}$ (X, $A;\pi_{*-1}$ (Y)) .
(2) 2 $f$ $F$ $F’$ $G$
$\gamma_{G}$ (F, $F’$ ) $\in \mathfrak{H}_{G}^{*}(X, A;\pi_{*}(Y))$ .
,
. , $G=S^{1},$ $V=T_{p}\oplus T_{q}\oplus T_{r}$ ,
$W=T_{1}\oplus T_{pq}\oplus T_{qr}\oplus T_{rp}$ . $p,$ $q$ ) $r$ , $T_{i}$ Kernel
$C_{i}$ $S^{1}$ .
Remark. 2 $C_{n}$ $S^{1}$ .
[6] .
3.2. , $S^{1}$-isovariant $f$ : $Varrow W$ .
. $G=S^{1}$ . 2.2 $S^{1}$ -isovariant $f$ : $S(V)arrow S$ (W)
. $S$ (V) $S(V)^{>1}:= \bigcup_{H\neq 1}S$ (V)H 3 $S$ (\sim ), $S(T_{q})$ ,
$S$ (\eta ) , [2] . $S^{1}/C_{\mathrm{p}},$ $S^{1}/C_{q}$ ,
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$S^{1}/C_{r}$ . $N_{i},$ $i=p,$ $q$ or $r$ , $S(T_{i})$ $S$ (V)
. $N_{i}$ $S^{1}\cross_{C_{i}}D(T_{j}\oplus T_{k}),$ {i, $j,$ $k$} $=\{p, q, r\}$ ,
$G$ . $D$ (U) $U$ , $S^{1}/C_{i}$
$S$ (W) $A_{i}\cong S^{1}\mathrm{x}_{C_{i}}D(W_{i_{\lrcorner}})$ . $S^{1}$ -isovariant
$\tilde{g}_{i}$ : $N_{i}arrow A_{i}$ . $C_{i}$ $S(T_{j}\oplus T_{k})$ $S(W_{i})\backslash S(W_{i})^{>1}$
,
$\dim S(T_{j}\oplus T_{k})=3\leq\dim S(W_{i})-\dim S(W_{i})^{>1}=4$
, C sovariant $\overline{g}_{i}$ : $S(T_{j}\oplus T_{k})arrow S(W_{i})$ .
$C_{i}$-isovariant $g_{i}$ : $D(T_{j}\oplus T_{k})arrow D$ (Wi) .
$S^{1}$-isovariant $\tilde{g}_{i}=S^{1}\cross ci$ $g_{i}$ : $N_{i}arrow A_{i}$ .
$Y=S(W)\backslash S(W)^{>1},$ $X=S(V)\backslash \mathrm{I}\mathrm{n}\mathrm{t}$ ( $N_{p}$ N $N_{r}$ ) . $S^{1}$ $X$
$Y$ $X$ $Y$ $S^{1}$
$f= \prod f_{i}:=\prod g_{i}|_{\partial N_{i}}$ : $\partial$ ( $N_{\mathrm{p}} \prod$ N $\prod N_{r}$ ) $arrow\prod_{i}A_{i}\subset Y$
. $\dim X/S^{1}=$ 4 , $Y$ 2 ,
$\pi_{3}(Y)\cong H_{3}(Y)\cong \mathbb{Z}^{3}$ . $f$
$\mathfrak{H}_{S^{1}}^{4}$ (X, $\partial X;\pi_{3}(Y)$ ) $\cong H^{4}(X/S^{1}, \partial X/S^{1}; \pi_{3}(Y))\cong\pi_{3}(Y)$ . [7]
.
$S^{1}$ -map $h$i: $\partial N_{i}arrow Y$
$\mathrm{m}$-Deg $h_{i}=\overline{h}_{i*}([S(T_{j}\oplus T_{k})])\in H^{3}(Y)=\mathbb{Z}^{3}$ ,
. $\overline{h}$ $C_{i}$-map $h|_{S(T_{j}\oplus T_{k})}$ : $S(T_{j}\oplus T_{k})arrow Y$ , $[S(T_{j}\oplus$
$T_{k})]$ $S(T_{j}\oplus T_{k})$ $H^{3}(Y)$
$H_{3}(Y)arrow\oplus_{i}H_{3}(SW\backslash S(T_{i}))arrow\oplus_{i}H_{3}(S(T_{j}\oplus T_{k}))=\mathbb{Z}^{3}$
$\mathbb{Z}^{3}$ .
$S^{1}$-map $h$ : $\partial N_{i}arrow Y$ , $d_{Ci}(h)\in \mathbb{Z}=H_{3}(S(T_{j}\oplus T_{k}))$ $\mathrm{m}$-Deg h
$i$- , $i=p,$ $q$ , $r$ . ( $h$ ) $S^{1}$-map $F$0: $Xarrow Y$
$\text{ _{}1}$
$\mathfrak{h}_{S^{1}}^{*}$ (X, $\pi_{*-1}(Y)$ ) $\cong$
$H^{*}$ ( $X/S^{1}$ ; $\pi_{*-1}$ (Y)) . $G$ $F_{0}$ 1 , $f_{0,i}=$
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$\ovalbox{\tt\small REJECT}|_{\partial N_{\mathrm{i}}}$ <. $f_{i}=g_{i}|_{\partial N_{\mathrm{i}}}$ : $N_{i}arrow Y$ $S^{1}$-isovariant .
Hopf .
3.3 ([7]). $i,$ $j\in\{p, q, r\}$ .
(1) $d_{C_{i}}(f_{j})=0$ for $i\neq j$ .
(2) $\mathrm{m}$-Deg $f_{i}-$ m-Deg $f_{0,i}\in i\mathbb{Z}^{3}$ .
(3) $a\in i\mathbb{Z}^{3},$ $i$ =p, $q,$ $r$ , $S^{1}$-isovariant $g_{i}’$ : $Nl$. $arrow SW$
, $\mathrm{m}$-Deg $g_{i}’|_{\partial N}.\cdot=\mathrm{m}$-Deg $f_{i}+a$
(4) $\mathfrak{H}_{S^{1}}^{4}$ (X, $\partial X;\pi_{3}(Y)$ ) $\mathbb{Z}^{3}$ , $\gamma_{S^{1}}$ (f)
$\gamma$s1 $(f)= \sum_{i=p,q,r}$ ( $\mathrm{m}$-Deg $f_{i}-\mathrm{m}$-Deg $f_{0,i}$ ) $/i$
.
$S^{1}$ -isovariant $g_{i}$ : $N_{i}arrow S$ (W) $\gamma S^{1}(f)=0$
. $f$ $S^{1}$ $F:Xarrow Y$ .
$S^{1}$-isovariant $F\cup\square _{i}g$i: $S(V)arrow S$ (W) .
4.
$G=C_{pqr}$ . [6] , $(C_{V,W})$ $G$ $V,$ $W$ ,
$(1)-(4)$ .
(1) $V_{:}W$ .
(2) $V,$ $W$ 1 , $V,$ $W$
$T_{i}$ .
(3) $H<G$ , (a) $V$ (H) $=0,$ $W$ (H) $\neq 0,$ (b) $V$ (H) $\neq 0$ ,
$W(H)=0$ (c) $V(H)=0,$ $W(H)=0$ .
(a) $\mathcal{E}_{+},$ (b) $\mathcal{E}_{-}$ (2)
$V(G)=W(G)=0$ . (1) $1\in \mathrm{I}\mathrm{s}\mathrm{o}$ $S(V)\subset \mathrm{I}\mathrm{s}\mathrm{o}S$ (W) . $(C_{V,W})$
, $G$ $C_{pq},$ $C_{qr},$ $C_{pr}$ , (b) .




(2) $5_{-}=\{1, C_{p}\}$ .
(3) $5_{-}=\{C_{p}, C_{q}\}$ .
(4) $5_{-}=\{1, C_{p}, C_{q}\}$
(5) $5_{-}=\{C_{p}, C_{q}, C_{r}\}$ .
(6) $5_{-}=\{1, C_{p}, C_{q}, C_{r}\}$ .
(1) : $G$ $S$ (V) . $(Cv,w)$ , $H\neq 1$
$\dim S(V)+1\leq\dim 5(W)$ $-\dim S(W)^{H}$
.
$\dim 5(\mathrm{X}/)$ $+1\leq\dim 5$ (IT) $-\dim S(W)^{>1}$
. $k=\dim S(W)-\dim S(W)^{>1}$ , $Y=S(W)\backslash S(W)^{>1}$ $Y$
$(k-2)$ . $G$ $f$ : $S(V)arrow Y$
$\mathfrak{H}_{G}^{*}$ ( $S$ (V); $\pi_{*-1}(Y)$ ) $\cong H^{*}$ ($S(V)/G;\pi_{*-1}($Y)) .
. , $G$ $f$ : $S(V)arrow Y$
. $Y\subset S$ (W) $G$-isovariant .
(2), (3), (4), (6) , [6] isovariant
.
(5) : $\mathrm{I}\mathrm{s}\mathrm{o}V\subset \mathrm{I}\mathrm{s}\mathrm{o}W$ , $\mathcal{E}_{+}$ 2 .
(i) $\mathcal{E}_{+}=\{C_{pq}, C_{qr}, C_{rp}\}$ .
(ii) $\mathcal{E}_{+}=\{1, C_{pq}, C_{qr}, C_{r\mathrm{p}}\}$ .
(i) : $C_{p}<C_{pq},$ $C_{p}<C_{pr}$ $(C_{V,W})$ $\dim V$ (Cp) $\leq$
$\mathrm{m}$ $W$ (Cpr), $\dim V(C_{p})\leq\dim W(C_{pq})$ . $T_{p}$ $T_{pq}\oplus T_{pr}$ isovariant
([6]) isovariant $h$ : $V$ (Cp) $arrow W’(C_{pq})\oplus W’(C_{pr})$
. $W’(C_{pq}))W$’(Cpr) $W’(C_{pq})\subset W$ (Cpq), $W’(C_{pr})\subset W$ (Cpr),
$\dim W’(C_{pq})=\dim W’(C_{pr})=\dim V$ (Cp) . $\overline{V}=V-V$(q),
$\overline{W}-W’(C_{pq})\oplus W’(C_{pr})$ . $\overline{V},$ $\overline{W}$ $(C_{\overline{V},\overline{W}})$
. $\mathcal{E}_{-}=\{Cq’ C_{r}\}$ , isovariant
.
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(ii) : 32 $S^{1}$-isovariant $G=C_{pqr}$ G-
isovariant
$h$ : $T_{p}\oplus T_{q}\oplus T_{r}arrow T_{1}\oplus Tpq\oplus T_{qr}.\oplus T_{pr}$
. $\overline{V}=V-T_{p}\oplus T_{q}\oplus T_{r},$ $\overline{W}=W-T_{1}\oplus T_{pq}\oplus T_{qr}\oplus T_{pr}$
$(C_{\overline{V},\overline{W}})$ . , (i)
, , $\mathcal{E}_{-}=\{Cp’ C_{q}\}$ , isovariant
. .
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